We propose a mechanism for realization of exact control of parity-time (PT ) symmetry by using a periodically modulated nonlinear optical coupler with balanced gain and loss. It is shown that for certain appropriately chosen values of the modulation parameters, we can construct a family of exact analytical solutions for the two-mode equations describing the dynamics of such nonlinear couplers. These exact solutions give explicit examples that allow us to precisely manipulate the system from nonlinearity-induced symmetry breaking to PT symmetry, thus providing an analytical approach to the all-optical signal control in nonlinear PT -symmetric structures.
I. INTRODUCTION
Enormous attentions have been attracted to Paritytime (PT )-symmetric quantum Hamiltonian systems since the illustration that their eigenvalues can be entirely real, despite the non-Hermitian Hamiltonians [1] [2] [3] [4] . Remarkably, such systems can exhibit a phase transition (spontaneous PT symmetry breaking) from the exact to broken-PT phase whenever the gain/loss parameter exceeds a certain threshold. In the PTsymmetric phase, the eigenvalues of the Hamiltonian remain real and the system exhibits periodic oscillations, while in the PT -broken phase, the eigenvalues become complex and the respective modes start growing exponentially. Due to the equivalence between quantum mechanical Schrödinger equation and optical wave equation, the concept of PT -symmetry later spreads to classical optical systems with non-Hermitian optical potentials. Through experimental observations of PT -symmetric optical systems, it has been shown that such PT -symmetric optical arrangements can exhibit unique features distinct from conservative systems, due to non-trivial wave interference and phase-transition effects, such as loss-induced transparency [5] , power unfolding and breaking of the left-right symmetry [6] , unidirectional invisibility [7, 8] , optical non-reciprocity [9] , coherent perfect laser absorbtion [10] , and selective mode lasing in microring resonator systems [11, 12] , and so on.
When nonlinearity is introduced, the PT -symmetric systems operating in the nonlinear regime were predicted to support additional interesting phenomena, such as solitons in PT structures [13] , nonlinearly induced PT transition [14] , and the all-optical signal control [15] [16] [17] . As was demonstrated in the study of directional couplers with balanced gain and loss [15] [16] [17] , nonlinear switching between PT symmetry and symmetry breaking occurs above a critical nonlinearity strength, which provides a * Author to whom any correspondence should be addressed: xiaobingluo2013@aliyun.com feasible means to tailor beam shaping. Among the extensive exploration hitherto of physics of PT -symmetric Hamiltonians, all experiments and most of the theoretical activities have been devoted to static (i.e., timeindependent) potentials, and only very recently growing attentions are paid to research on PT symmetry of timedependent Hamiltonians [18] - [24] . Even so, up to now studies of time-dependent PT -symmetric systems with nonlinearity are still rare. Despite some isolated successes in the development of analytical exact solution to the driven Hermitian systems with nonlinearity [25] [26] [27] , it remains elusive and very challenging to make analytical solution of the time-dependent PT -symmetric systems with nonlinearity .
In this paper, we study the effect of periodic modulation on nonlinear systems with parity-time (PT ) symmetry. By use of the appropriate harmonic parameters, we derive a family of exact solutions for the two-mode equation describing the dynamics of periodically modulated nonlinear couplers with balanced gain and loss. These exact solutions associated with simple modulation forms give explicit examples that enable us to analytically control the transition from nonlinearity-induced symmetry breaking to PT symmetry. In addition, these exact solutions can give explicit illustration of PT -symmetry analysis for the periodically modulated nonlinear system with a linear PT -symmetric part.
II. EXACT ANALYTICAL SOLUTIONS AND STABILITY ANALYSIS
A. Model and PT -symmetry properties
We consider the simplest possible arrangement which consists of two coupled PT -symmetric waveguides with Kerr nonlinearity and with the linear refractive index periodically modulated along the propagation direction. Under coupled-mode theory, the two modal field ampli-tudes are governed by the evolution equations:
with v being the interchannel coupling strength, γ the gain or loss strength, χ the nonlinearity strength and the harmonic modulation being
Here ψ 1 and ψ 2 represent respectively field amplitudes in the first and the second waveguides, ϕ 1,2 denote the phases of two harmonics, ω the modulation frequency, and f the modulation amplitude. Throughout our paper, the dimensionless propagation distance z is normalized in unit of a reference coupling length L c , and propagation constant as well as all other scaled parameters γ, f, ω, v are in units of L −1 c , with L c representing the shortest length for the light switching from one waveguide to the other without nonlinearity. For instance, the reference coupling length can be selected as the one in experiment [6] where L c ≈ 0.863cm. In our discussion, what is essential is the ratios between these parameters γ, f, ω, v. Proceeding to the analysis of dynamics of the system (1), it is instructive to identify symmetry property of the model equation. For this purpose, we separate the Hamiltonian corresponding to the system (1) into the linear part and the nonlinear part
where ψ(z) = (ψ 1 (z), ψ 2 (z)) T (hereafter the superscript T stands for the matrix transpose) is the two-component vector obeying this system. Applying the PT operator to both sides of equation (1), where parity operator corresponds to the exchange of the two basis states, P : ψ 1 ↔ ψ 2 , and time operator defines the reversal of propagation direction, T : i → −i, z → −z, we observe that
where z 0± := z 0 ± z is defined for arbitrary constant
PT , which requires the modulation obeying the relation
then Eq. (4) becomes
By comparison of equation (6) with its original equation, it is apparent that ψ(z 0+ ) and PT ψ(z 0+ ) satisfy the same evolution equation. It also follows that the coupled-mode equation (1) and the associated Hamiltonian remain invariant if
where ξ is real. The condition (7) guarantees that
Actually, the requirements (7) and (8) are met automatically as long as we choose
Hence, this condition (9) is in line with the demand of PT symmetry for the nonlinear part. The reasoning for derivation of (7) and (8) from (9) is given as follows. If ψ(z 0+ ) is a solution of Eq. (1), then e iξ ψ(z 0+ ) and PT ψ(z 0+ ) are also solution of Eq. (1). Suppose that PT ψ(z 0 ) = e iξ ψ(z 0 ), which can be achieved by setting |ψ 1 (z 0 )| = |ψ 2 (z 0 )| with an appropriately chosen value of phase ξ. It follows that (7) and (8) hold, since e iξ ψ(z 0+ ) and PT ψ(z 0+ ) satisfy the same evolution equation. When the conditions (5) and (9) are satisfied simultaneously, the Hamiltonian (3) for such a periodically modulated nonlinear coupler with balanced gain and loss is invariant under the combined action of parity operator P and time operator T . Therefore, for the system (1) to be PT symmetric, the linear time-dependent part H L (z) must be PT symmetric, which demands that the condition (5) be satisfied and the gain and loss coefficient be taken equal, as well as the nonlinear part fulfill the condition (9) at the same z 0 . However, for our model, the conditions (5) and (9) are not sufficient for the PT symmetry to be unbroken. The PT symmetry is said to be unbroken if and only if there exist PT -invariant Floquet eigenstates with real quasienergies.
In considering the propagation of a light wave with electric field E(x, z) along the z axis in a nonlinear setup, the complex refractive index (playing the role of an optical potential) of the Kerr-type medium is written as n(x, z) = n R (x, z) + in I (x) − n 2 |E(x, z)| 2 , where n 2 is the nonlinear refractive index. In our case, we only consider an Hermitian driving, that is, n I does not depend on time (z). For the system to be symmetric, n(x, z) must be symmetric with respect to combined action of the parity P and time-reversal T operators, i.e., n
As we can see, the imaginary part still must be an odd function of position, as is common for the linearly equivalent PT -symmetric system. For the non-driven limit (periodic driving is turned off) of nonlinear model that we are discussing, PT symmetry requires that the intensity distribution possesses spacetime-reflection symmetry, apart from the linear PT -symmetry prerequisites (the symmetric real part and the antisymmetric imaginary part of the linear index of refraction), since the nonlinearity has to be regarded as a contribution to the optical potential [28, 29] .
B. Exact Floquet solutions
The nonlinear PT -symmetric coupler was introduced in Refs. [15] [16] [17] , where the interplay between PT symmetry with nonlinear effects was discussed through the symmetry analysis as well as construction of exact analytical solution describing the nonlinear dynamics. When the periodic modulation is added, the situation is complicated and finding exact analytical solutions for such a problem becomes extremely hard. However, here we will show that a family of exact analytical solutions exists if given with certain suitably chosen values of the modulation parameters. The exact analytical solution of Eq. (1) can be explicitly written as
in the case of γ < v, that is, the values of gain and loss coefficient below the linear PT -symmetry-breaking threshold, by adjusting the modulation parameters to satisfy the following conditions
where C 1 and C 2 are constants dependent on initial conditions ψ 1,2 (0),
According to the Floquet theorem, this solution is a special kind of nonlinear Floquet state in the form of
, where the Floquet eigenmodes Φ(z) are periodic with the modulation period Λ = 2π/ω and the corresponding quasienergy ε = ω/2 − χ(
. From Eq. (10) it can be observed that the exact solution is periodic because the corresponding quasienergy is entirely real despite a non-Hermitian Hamiltonian. The exact solutions of Eq. (10) can be directly proved by substituting them into Eq. (1) with the help of Eqs. (11)- (18) .
It can also be easily verified that this exact solution obeys the following relation [30, 31] 
which indicates that the optical nonlinear effect is balanced by the external modulation. Under the balanced condition (19) , equation (1) is reduced to the linear Schrödinger equation
The exact Floquet solution (10) can be obtained with assumption that a solution to the system (1) containing undetermined modulation parameters obeys the balance condition (19) and linear equation (20) simultaneously. It should be noted that our exact solutions can be constructed only in the linear unbroken PT -symmetric phase (γ < v). At the exceptional point (γ = v) or in the broken PT -symmetric phase (γ > v), the solution of linear equation (20) is unbounded such that the mode intensity can not balance the harmonic (periodic) modulation and the preestablished condition (19) not be satisfied, indicating that the method we use in constructing exact analytical solutions is not applicable in these regimes. At present, it is still very challenging for us to find stable nonlinear Floquet eigenmodes with real quasienergies in the domains of broken PT symmetry (γ > v). This open problem deserves further study.
As is demonstrated in Refs. [15] [16] [17] , for the unmodulated nonlinear coupler with balanced gain and loss, if the nonlinearity strength χ is small, the beam evolution will show periodic oscillation (PT -symmetric phase), whereas above a critical nonlinearity strength, nonlinearity will lead to symmetry-breaking and exponential growth of beam power. When the harmonic modulation parameters are appropriately chosen to satisfy conditions (11)- (18) , it is possible to move the system to periodic state (10) for arbitrary value of nonlinearity strength.
Let us take a closer look at the properties of Floquet states. The Floquet theorem tells us that if the Hamiltonian (3) depends periodically on time (z), there exists a set of Floquet solutions to the time-dependent Schrödinger equation (1) (1), we obtain the following eigenvalue equation [32] [
where Im(ε) = 0 is required for the existence of nonlinear Floquet eigenmodes, and
is utilized, thanks to the phase invariance of nonlinearity. The operator H := H(z) − i∂ z is the so-called Floquet Hamiltonian in the extended Hilbert space [32] and Φ(z) is called Floquet eigenstate (eigenmode). For the eigenvalue problem, the z (time) periodicity of the Floquet Hamiltonian, H(z + 2π/ω) = H(z), is required for ensuring that Φ(z + 2π/ω) = Φ(z). Acting with PT on Eq. (21), we have
where (5) and [H L (z 0+ ), PT ] = 0 are used. For non-degenerate real eigenvalues, (22) requires that the Floquet eigenstate is PT -symmetric, PT Φ(z 0+ ) = e iδ Φ(z 0+ ), where δ is real, because Φ(z 0+ ) and PT Φ(z 0+ ) obey the same eigenvalue equation. In such case, the Floquet Hamiltonian operator H and the PT operator share the same eigenmode. As a matter of fact, occurrence of PT -symmetric eigenstate with real eigenvalue (unbroken PT symmetry) is the most striking feature of PT symmetry. When we vary the system parameters, the eigenvalue equation (21) itself may possess physically distinct eigenmodes Φ(z 0+ ) and PT Φ(z 0+ ) corresponding to pairwise complex quasienergies ε and ε * , which can be viewed as a manifestation of PT symmetry breaking [14] . Though the system (1) has unbounded solution due to PT symmetry breaking, we emphasize again that such broken PT -symmetric Floquet eigenstates with complex quasienergies do not occur in the considered system. This is in full analogy to the fact that there exist only stationary nonlinear modes with real eigenvalues for the corresponding unmodulated system [33, 34] .
We can readily check that our exact Floquet eigenstates in Eq. (10) are PT -invariant (up to trivial phase shift), that is, for
It is also observed that for a given exact solution (10), the conditions (5) and (9) for the Hamiltonian to be PT symmetric are naturally satisfied. Eqs. (10)- (18) comprise the central result of this paper. Every harmonic modulation (2) satisfying Eqs. (11)- (18) will generate an explicit example that allows for exactly controlling PT symmetry transition. We will now demonstrate this by taking several specific cases as examples.
Case 1: We first consider the exact control of PT symmetry where the system is excited at either channel 1 or channel 2. Applying the initial condition ψ 1 (0) = 1, ψ 2 (0) = 0 to Eqs. (17) and (18), and utilizing (11)- (16), we give the explicit form of harmonic modulations as follows
Given initial input beam ψ 1 (0) = 1, ψ 2 (0) = 0, we thus determine the shape of harmonic modulation, given by Eq. (24), for which the system (1) can be exactly solved. Under such circumstance, the light intensities at the first and the second waveguides exactly read as
For the exact solution (25) associated with the initial condition ψ 1 (0) = 1, ψ 2 (0) = 0, it is easily verified that at z 0 = [(2k + 1)π + 2ϑ]/(4v cos ϑ), the relations (5) and (9) hold, i.e.,
Since the time evolution of the total light intensity, I = |ψ 1 | 2 + |ψ 2 | 2 , is determined by
we conclude that dI/dz| z=z0 = 0, and thus the total intensity reaches the maxima or minima at z 0 = [(2k + 1)π + 2ϑ]/(4v cos ϑ) with k being integer.
For another set of initial values ψ 1 (0) = 0, ψ 2 (0) = 1, Eqs. (11)- (18) ) give the explicit form of harmonic modulations
The shape of modulation (28), associated with the initial input ψ 1 (0) = 0, ψ 2 (0) = 1, produces the exact analytical distributions of light as
Similarly, for the exact solution (29), we can prove that at z 0 = [(2k + 1)π − 2ϑ]/(4v cos ϑ) with k being integer, the PT symmetry requirement (5) and (9) are also met, i.e., We present in Fig. 2 two examples of exact control of transition between symmetry breaking and PT symmetry with controlled harmonic modulations. In our simulation, the numerical solutions of the coupled-mode equation (1) are obtained with the use of Runge-Kutta method. Figs. 2(a)-(b) show the intensity evolution for the initial state ψ 1 (0) = 1, ψ 2 (0) = 0. For the nomodulation case [ Fig. 2(a) ], where the system parameters are given by v = 1, γ = 0.6, χ = 1.2, f = 0, we observe that the total intensity exhibits exponential growth with light concentrating in the waveguide with gain, corresponding to a nonlinearly induced symmetry breaking. Fig. 2(b) indicates completely different dynamics, where the light periodically oscillates when the Eq. (24)-obeying periodic modulation is applied, which indicates a PT symmetric state. Likewise, Figs. 2(c)-(d) represent the exact control from nonlinearity-induced symmetry breaking [ Fig. 2(c) ] to PT symmetry [ Fig. 2(d) ] for another initial state ψ 1 (0) = 0, ψ 2 (0) = 1 by performing the harmonic modulation in the form of Eq. (28). As is apparent in Fig. 2 , the modulations employed for exact control of PT symmetry are distinct and light evolution is obviously non-reciprocal by exchanging the input channel from 1 to 2. We have compared the analytical (circles) with the numerical (red solid lines) results in Figs. 2 (b) and (d). The agreement is almost perfect.
Case 2: We now turn to the case of ψ 1 (0) = ψ 2 (0) = 1/ √ 2 and consider −∞ < z < +∞, which was discussed in Ref. [17] . Take our harmonic modulation as
For the initial condition ψ 1 (0) = ψ 2 (0) = 1/ √ 2, the analytical distribution of light intensity corresponding to the modulation (31) is
Reported in Fig. 3 is the beam dynamics associated with the initial condition ψ 1 (0) = ψ 2 (0) = 1/ √ 2. As above, system parameters are fixed as v = 1, γ = 0.6, χ = 1.2, where the unmodulated system lies in the region of symmetry breaking with nonlinear switching. In fact, this result is confirmed by numerical simulations in Figs. 3 (a) and (c) , where the output beam leaves the sample from the waveguide with gain and the total intensity increases without bound. In contrast, when the harmonic modulation (31) is turned on, the periodic intensity oscillations are observed in Figs. 3 (b) and (d). Another nontrivial observation is that the dynamics starting from ψ 1 (0) = ψ 2 (0) = 1/ √ 2 in positive (+z) and negative (−z) directions is exactly equivalent, upon exchanging the two channels labeled by 1 and 2. 
C. Stability analysis
In this subsection, the stability of these exact solutions will be discussed. For this purpose we first define the renormalized wave function with components
The dynamics of system (1) thus can be expressed in terms of the renormalized wave function
This dynamics by definition conserves the normalization |φ 1 | 2 + |φ 2 | 2 = 1. It will be convenient to define three real components of a Bloch vector with respect to the renormalized wave function
In this representation, we obtain the generalized Bloch equations of motion from (34) aṡ
These Bloch equations conserve S 2 x + S 2 y + S 2 z = 1/4, which means that the evolutions of variables S x , S y and S z are confined to the Bloch sphere. Besides, the total intensity I evolves asİ = 4γIS z .
If we consider a small perturbation (δS x , δS y , δS z , δI) from the exact solution, a linearized equation is found for the perturbationṡ
Eq. (38) constitutes a set of linear differential equations with periodic coefficients, which admit solutions of the form V (z) = e λz u(z), where λ is often called quasienergy and u(z) is the Floquet function periodic with the period of the coefficients in equation (38). These exact solutions are linearly stable if and only if there is no quasienergy with a positive real part. To find the quasienergies we adopt the numerical technique similar to that given in Ref. [35] . We first numerically integrate the linear differential equation with normalization function defined as
Here, the functions ψ 1,num and ψ 2,num denote the two modal field amplitudes of numerical solutions of system (1) with initial perturbation added to the exact solution, ψ 1,ex and ψ 2,ex the two components of exact solution, and superscript * the complex conjugate. The normalization function ensures that 0 ≤ F (z) ≤ 1. The fidelity F (z) is a measure of the similarity between the exact solution and the numerical solution: when F = 1, the two solutions are the same; when F = 0, they have no similarity. We present the evolutions of the fidelity between the exact solution and the numerical solution for two cases, as shown in Fig. 4(c)-(d) . In Fig. 4(c) , the exact solution is same as in Fig. 2 (b) , where the harmonic modulation is given by (24) and the initial state is ψ 1 (0) = 1, ψ 2 (0) = 0; the numerical solution is obtained through integration of Eq. (1) with the same modulations and parameters as those in Fig. 2 (b) except for random perturbations added to the initial state ψ 1 (0) = 1, ψ 2 (0) = 0. In Fig. 4(d) , the exact solution corresponds to the one shown in Fig. 2 (d) ; the numerical solution is obtained via integration of Eq. (1) in the presence of random perturbations to the initial state ψ 1 (0) = 0, ψ 2 (0) = 1 for the same modulations and parameters as those in Fig. 2 (d) . As clearly seen in Fig. 4(c)-(d) , for both cases, the fidelities F (z) perfectly remain unity, which confirms that the two exact solutions shown in Figs. 2 (b) and (d) are stable against the numerical perturbation. Moreover, our numerical results (not displayed here) show that all the exact solutions associated with the initial conditions ψ 1 (0) = 1, ψ 2 (0) = 0 and ψ 1 (0) = 0, ψ 2 (0) = 1 are stable for the system parameters γ/v in the range of 0 ≤ γ/v < 1.
III. CONCLUSION
In conclusion, we have studied analytically the effect of periodic modulation on PT -symmetry of nonlinear directional waveguide couplers with balanced gain and loss. A class of explicit analytical solution for the coupled-mode equation describing the dynamics of such nonlinear couplers has been constructed, which gives unlimited number of examples for analytical demonstration of the exact control of PT -symmetry transition. With suitably chosen parameters of harmonic modulation, we can exactly control the system from nonlinearity-induced symmetry breaking to PT -symmetry, which provides an analytical approach to tailor beam shaping and switching in nonlinear PT -symmetric lattices. The technique used here to get the exactly solvable control fields can be applied in other physical contexts such as Bose-Einstein condensates in a PT -symmetric double well.
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